Extension of generalized multi-valued variational inequalities  by Jou, Chin-Rong & Yao, Jen-Chih
Appl. Math. Lett. Vol. 6, No. 3, pp. 21-25, 1993 
Printed in Great Britain. All rights reserved 
08939659193 86.00 + 0.00 
Copyright@1993 Pergamon Press Ltd 
EXTENSION OF GENERALIZED MULTI-VALUED 
VARIATIONAL INEQUALITIES* 
CHIN-R• NG Jou AND JEN-CHIH YAO 
Department of Applied Mathematics 
National Sun Yat-Sen University, Kaohsiung, Taiwan 804, R.O.C. 
(Received and accepted March 1993) 
Abstract-In this paper, we derive the existence result for a new class of generalized multi-valued 
variational inequality (1.1). Theorem 3.3 of this paper seems to be a natural extension of the cel- 
ebrated result of Browder, Hartman and Stampacchia [1,2] variational inequalities for multi-valued 
operator in infinite-dimensional space. 
1. INTRODUCTION 
Let B be a real Banach space with norm I] -11, B* be its topological conjugate space and (u, v) be 
the paring between u E B* and v E B. Let K be a nonempty closed convex subset of B and T 
be an operator from K into B*. The classical variational inequality (VI(T, K)) is to find 6 E K 
such that (T$j, yj - z) 5 0 for all z E K. This problem has been extensively studied both in finite- 
and infinite-dimensional spaces. See, e.g., [l-9]. The variational inequality has been found very 
useful in many fields, such as operations research, optimization problems, economics equilibrium 
problems and free boundary valued problems. 
In [2], Hartman and Stampacchia derived a celebrated existence result for the VI(T, K) which 
asserts that if T is continuous, B is a finite-dimensional Euclidean space and K is compact 
and convex then the VI(T, K) has a solution. This result was further extended by Stampacchia 
to infinite-dimensional space. In [9, Theorem 2.31, Stampacchia asserts that if T is continuous 
on finite-dimensional subspace and monotone, B is a reflexive Banach space and K is weakly 
compact and convex, then the VI(T, K) h as a solution. An extention of the VI(T, K) is to allow 
the operator T to be multi-valued. Let T be an operator from K into 2B*. The generalized 
variationaZ inequality (GVI(T, K)) is to find $ E K, Q E T(G) such that 
(%B-z) 50, for all z E K. 
Recently, in [l&-12], Browder, Shih and Tan, Guo and Kung derive some existence results about 
the solvability of this problem. In this paper, we shall consider the following problem: find c E K, 
3 E T(G) such that 
(At&$ - z) 5 0, for all z E K, (1.1) 
whereT:K-+2B’andA:B*+B*. When A is the identity mapping, inequality (1.1) reduces 
to the problem of GVI(T, K). Moreover, if A is the identity mapping and T is single-valued, then 
inequality (1.1) reduces to classical VI(T, K). 
The aim of this paper is to derive some existence results of problem (1.1). We organize the 
rest of this paper as follows. In Section 2, we shall give some preliminaries that will be used 
throughout this paper. In Section 3, we employ Fan’s Lemma and Kneser’s Minimax Theorem 
to derive some existence results for problem (1.1). 
*This work was partially supported by the National Science Council under Grant NSC 82-0208-M-110-023. 
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2. PRELIMINARIES 
We first recall the folIowing definitions. 
DEFINITION 2.1. Let X and Y be Hausdorff topological spaces and T : X -+ 2y be a multi- 
valued mapping. 
(i) T is called upper semi-continuous (in short u.s.c.) at 2 E X if, for any open neighborhood 
V of T(x) in Y, there exists an open neighborhood U of x in X such that T(zt) c V for ail 
u E u. 
(ii) T is called U.S.C. on X if T is U.S.C. at each x E X. 
DEFINITION 2.2. Let K be an arbitrary nonempty subset of B, T : K --) 2B’ and A : B’ + B’. 
The mapping A is said to be monotone with respect to T if, for any x,y E K, any ‘IL E T(x), 
w E T(y) such that 
(Au-Aw,x-y) 10. 
3. THE MAIN RESULTS 
We shall need the following two lemmas before we state and prove our main results. Let C(B*) 
be the family of nonempty weak* compact subsets of B* and [a, b] = {ta + (1 - t)b : 0 < t 5 1) 
for a, b E K. 
LEMMA 3.1. Let B be a real Banach space, K be a nonempty weakly compact convex subset of 
B, T : K + C(B*) and A : B* + B*. Suppose T is upper semi-continuous from line segments 
in K to the weak* topology of B* and A is Lipschitz continuous. Then for fixed x E K, the set 
D = {Y E K : ,p&(Aw, y - X) I 0) n [a, b] 
is closed, for all a, b E K. 
PROOF. Let {y,} be a sequence in D such that pn --t yo E [a, b]. For each n, inf 
wET(lk) 
(Aw, yn - 
x) 5 0. Since T(y,) is weak* compact, there exists w, E T(y,) such that 
As T is U.S.C. in [a, b], [a,b] is compact and each T(yn) is weak* compact, ,$ bl T(9) is also 
weak* compact. Consequently, {wn} has a subnet {wa} converging to some wg E .el$ 6l T(Y) in 
weak* topology. By the upper semi-continuity of T, we have we E T(yo). Note that since A is 
Lipschitz continuous and {wa} is bounded, there exists M > 0 such that (IAw,(( < M for all cr. 
Observe that 
I(Aw,,y,-x)-(AWO,YO-x)l = I(Aw,-Awo,~o-x)+(Aw,,~,-~o)l 
5 I(Awa - AWO,YO - x>I + I(Awa, ~a - YOI 
5 IlAwa - Awoll . IYO - 41 + IIAwaII . ll~a - YOII 
I PII% - wall . IIYO - 41 + M. Ilva - YOII 
--+ 0. 
Hence, 
Awe, yo - x) = li$Aw,, ya - x) 5 0. 
Therefore, ye E D and hence D is closed. 
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LEMMA 3.2. Let B be a real Bausch space, K be a nonempty weakly compact convex subset 
of B, T : K --+ C(B*) and A : B* -+ B*. Suppose T is upper semi-continuous from line segments 
in K to the weak* topology of B* and A is Lipschitz continuous. Then for @ E K, the inequality 
sup (Au, c - X) 5 0, 
z&T(r) 
for all 5 E K 
implies that 
inf (Aw,~ - X) I 0, 
wET(P) 
for all z E K. 
PROOF. Let z E K be fixed, and Q = (1 - t)$ + ta: for t E [0, 11, then Q E K for all t E [0, l] 
since K is convex. As 6 - Q = t(jj - x), we have 
t. sup (Au,jj-x)= sup (Au,jj-st)IO, for all t E [0, 11, 
uET(zt) zLET(zt) 
and, therefore, 
sup (Au,c-z) IO for all t E [0, l] 
UET(Q) 
(3.1) 
Now suppose Wk~:gj(A~, 6 - X) > 0. By Lemma 3.1, 
is open in [CC, $1 and contains 9. Since q 4 $ as t + 0, then there exists to E (0, l] such that 
zt E E for all t E (0, to). Then we have for any t E (0, to) 
i;[ZtI(Aq Q - X) = (1 - t) . inf(Azl, 6 - X) > 0. 
Since 1 - t > 0, inf 
uET(zt) 
(Au,6 - X) > 0 for all t E (O,to), which contradicts (3.1). Hence, 
inf (Aw,$ - X) 5 0, 
wEW) 
for all x E K 
and the results follow. 
We now state and prove the main result of this paper. 
THEOREM 3.3. Let B be a real Banach space, K be a nonempty weakly compact convex subset 
of B, T: K + C(B*) and A : B* + B*. Suppose T is upper semi-continous from line segments 
in K to the weak* topology of B*; A is monotone with respect to T and is Lipschitz continuous. 
Then there exists ji E K such that 
(3.2) 
If, in addition, T@) is convex and (Aw, 6 - X) is convex in w for fixed x E K, then there exists 
ti E T(G) such that 
(AZir,$-x) 50, for all x E K. (3.3) 
PROOF. For each z E K, let 
and 
inf (Aw,y-2) <O 
wET(u) > 
sup (Au,y-x)50 . 
uET(s) 
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For the sake of clarity, the proof of inequality (3.2) is divided into the following five short steps. 
STEP 1. The convex hull of every finite subset {zr, 22,. . . , xn} of K is contained in the corre- 
sponding union fi F(Q). 
i=l 
Let 6 be in the convex hull of {XI, x2,. . . , x,}. Then jj = ~~=, Xisi for some Xi 2 0, 1 5 i 5 n 
with Cy._r Xi = 1. Suppose S is not contained in 6 F(xi). Then 
i=l 
inf 
wET(P) 
(Aw, c - xi) > 0 
for all i = 1,2,. . . , n. But then 
= h~~~(X~(Au, 6 - XI) + Xz(Aw, D - 52) + . . . + &x(-k S - 4) 
L Xl inf 
w-w 
(Aw,$ - 21) + X2 Wi&(A~, D - x2) + . . . + X, inf _ (AuJ, ij - x,) 
~-b) 
which is a contradiction. Hence, 6 E fi F(xi). 
i=l 
STEP 2. F(x) c G(z) for all x E K. 
Let y E F(z). By the assumption A is monotone with respect to T. Hence we have 
(Aw-Au,y--5) 20, for all z, y E K, w E T(y),u E T(x). 
Thus, 
Therefore, 
(Aw, Y - x> 2 (AWY - x). 
(Aw,Y - x) 2 sup (&Y - x), for all 2, y E K, w E T(y). 
uET(s) 
Consequently, 
for all r, y E K. 
As a result, y E G(x) and hence F(x) c G(x) for all x E K. 
STEP 3. f&F(Z) = f-&G(X). 
By Step 2, n F(z) c n G(x). Th 
XEK ZEK 
e inclusion n G(z) c n F(z),follows from Lemma 3.2. 
XEK XEK 
STEP 4. m is a weakly compact subset of K, for x E K where m denotes the weakly 
closure of F(x) . 
Since K is a weakly compact subset of I3 and F(x) c K for each x E K, m is a weakly 
compact subset of K. 
STEP 5. There exists fi E K such that 
inf 
:EuJ: wET(O) 
(Aw, jj - x) 5 0. 
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By Steps 1, 4 and Fan’s Lemma [13], we have n m # 8. Since each G(z) is weakly 
XEK 
- 
closed in K, F(z) c G(z) for all z E K. Therefore, n G(z) # 0. By Step 3, we then have 
XEK 
n F(z) # 0, and, hence, there exists 9 E K such that 
ZEK 
inf 
::! w=(6) 
(Aw, jj - z) 5 0. 
This completes the proof of inequality (3.2). 
If, in addition, T(jj) is convex and w H (Aw, jj - X) is convex for fixed z E K. Let f be a 
real-valued function on K x T(c), defined by f(z, w) = (Aw, e - z) for all (z, w) E K x T(g). 
Then f is continuous and convex on T(jj) and linear on K. By Kneser’s Minimax Theorem [14], 
we have 
inf sup (Aw, c - z) = sup 
wET(B) XEK 
inf (Aw, 6 - Z> 5 0. 
XEK w-(C) 
Since T(c) is weak* compact, there exists 2ic E T(S) such that 
sup (A@, ti - X) = inf sup(Aw, S - x) I 0, 
XEK wET(B) zEK 
from which (3.3) follows and the proof is now completed. 
The following corollary is a direct consequence of Theorem 3.3. 
COROLLARY 3.4. Let B be a real Banach space, K be a nonempty weakly compact convex subset 
ofB,T:K-+C(B*)andA:B*+B*. Suppose T is upper semi-continuous from line segments 
in K to the weak topology of B*; A is monotone with respect to T and linear on B’. Then there 
exists jj E K such that 
,“E”f: w=(Zi) 
inf (Aw,~ - z) 5 0. 
If, in addition, T(g) is convex, then there exists 8 E T(c) such that 
(AI&~-Z) IO, for all x E K. 
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